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We consider longitudinal nonlinear atomic vibrations in uniformly strained carbon chains with
the cumulene structure (= C = C =)n. With the aid of ab initio simulations, based on the density
functional theory, we have revealed the phenomenon of the pi-mode softening in a certain range of
its amplitude for the strain above the critical value ηc ≈ 11 %. Condensation of this soft mode
induces the structural transformation of the carbon chain with doubling of its unit cell. This is the
Peierls phase transition in the strained cumulene, which was previously revealed in [Nano Lett. 14,
4224 (2014)]. The Peierls transition leads to appearance of the energy gap in the electron spectrum
of the strained carbyne, and this material transforms from the conducting state to semiconducting
or insulating states. The authors of the above paper emphasize that such phenomenon can be used
for construction of various nanodevices. The pi-mode softening occurs because the old equilibrium
positions (EQPs), around which carbon atoms vibrate at small strains, lose their stability and these
atoms begin to vibrate in the new potential wells located near old EQPs. We introduced the simple
classical model representing a chain whose particles interact via the Lennard-Jones potential that
allows us to describe quite well properties of the pi-mode softening. Using this model without any
adjustable parameters, we were able to obtain the value of the critical strain ηc, which coincides
with that found by the ab initio calculations within their accuracy. We also study the stability of
the new EQPs, as well as stability of vibrations in their vicinity. In previous paper [Physica D203,
121(2005)], we proved that only three symmetry-determined Rosenberg nonlinear normal modes can
exist in monoatomic chains with arbitrary interparticle interactions. They are the above-discussed
pi-mode and two other modes, which we call σ-mode and τ -mode. These modes correspond to the
multiplication of the unit cell of the vibrational state by two, three or four times compared to that of
the equilibrium state. We study properties of pi-, σ- and τ -modes in the chain model with arbitrary
pair potential of interparticle interactions and prove that the critical value ηc corresponds to the
inflection point of this pair potential. The similar study in the framework of the ab initio approach
is difficult by necessity to have a sufficiently acceptable description of the van der Waals interactions
for atomic vibrations with large amplitudes. The analysis of the possible condensation of σ- and
τ -modes allows us to suppose that two new types of carbon chains (besides cumulene and polyyne)
can exist with bond lengths alternation different from that of polyyne.
PACS numbers: 81.05.U-, 63.20.Ry, 63.20.dk, 64.60.A-
I. INTRODUCTION
Monoatomic carbon chains can exist in two different
modifications. The first one is polyyne, or carbyne-
α, representing the chain with alternating single and
triple bonds [chemical structure (−C ≡ C−)n]. The
second modification is cumulene, or carbyne-β, repre-
senting the chain with double bonds [chemical structure
(= C = C =)n]. Carbyne chains was claimed to be
the strongest material known at the present time. The
synthesis of linear carbon chains up to 6000 atoms was
reported in 2016. Because of many unique mechanical,
physical and chemical properties, which were studied or
only predicted, carbyne is considered as perspective ma-
terial for various nanodevices, for hydrogen storage, etc.
(see [1–5] and papers cited therein).
Chemical synthesis of pure carbyne chains and their
experimental study are very difficult and, therefore, the-
oretical ab initio investigations, in particular those based
on the density functional theory (DFT), play a rather
∗ gchechin@gmail.com
important role for prediction of its properties and for
treating different physical phenomena, which are possi-
ble in this material. Many interesting results on strained
carbyne chains were obtained with DFT computer sim-
ulations. In the paper [5], DFT ab initio methods allow
to reveal that distribution of bond length and magnetic
moments at atomic sites exhibit even-odd disparity de-
pending on the number of carbon atoms in the chain and
on the type of saturation of these atoms at both ends.
It was also found that a local perturbation created by a
small displacement of the single carbon atom at the cen-
ter of a long chain induces oscillations of atomic forces
and charge density, which are carried to long distances
over the chain.
In the paper [1], the structural transformation of cu-
mulene under a certain strain was revealed. This is the
Peierls phase transition, which leads to the radical change
of carbyne electron spectrum. As a result of this transi-
tion, an energy gap in the electron spectrum appears and
the conductive cumulene transforms into polyyne which
is semiconductor or insulator. This phenomenon opens
perspectives to control electrical behavior of carbyne by
mechanical strain [1].
During the study of different types of nonlinear atomic
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2vibrations in strained cumulene chains, under periodic
boundary conditions, we revealed an unexpected phe-
nomenon of softening of the longitudinal pi-mode vibra-
tions above a certain critical value of the strain. Some
results of this study were published in the brief paper [6].
They can be summarized as follows1.
For strains lower than η = 11 % cumulene demon-
strates monotonic hard type of nonlinearity (the fre-
quency increases with increasing the pi-mode amplitude
a). However, for η > 11 % there is a certain range of
amplitudes a in which soft nonlinearity occurs, namely,
the frequency of the pi-mode abruptly decreases and then
again begins to increase.
The phenomenon of vibrational modes softening is well
known in the theory of structural phase transitions [7]
where by condensation (“freezing”) of such modes one
tries to explain the nature of the displacement-type phase
transitions. This is the so-called concept of soft modes.
It is essential that in the majority of the papers on this
subject, soft modes are treated in purely phenomenolog-
ical manner with some vague arguments about changing
of electron-phonon interactions in crystal under change
of such external parameters as temperature and pressure.
Unlike these works, in our study a soft vibrational mode
in cumulene appears as a direct result of the ab initio
simulation without any additional assumptions.
In [6], the phenomenon of the pi-mode softening has
been explained by the fact that above the critical value
of the strain the old atomic equilibrium positions (EQPs)
become unstable and two new EQPs appear near each of
them. Namely, vibrations in the vicinity of these new
EQPs correspond to the softening of the pi-mode. In
turn, condensation of the pi-mode leads to a new atomic
equilibrium configuration that corresponds to the Peierls
phase transition. After this transition, the unit cell turns
out to be twice as large than that of cumulene, and
the carbon chain transforms into another carbyne form,
polyyne, with bond lengths alternation.
The main ab initio results obtained in our work and in
the paper [1] are sufficiently close to each other. Some
discrepancy can be explained by different approxima-
tions used in the framework of DFT approach (differ-
ent exchange-correlation functionals, different sets of ba-
sis functions for solving Kohn-Sham equations, differ-
ent realization of the numerical methods in the packages
ABINIT and VASP, etc.). Nevertheless, our results and
those from [1] are identical qualitatively (detailed com-
parison will be presented elsewhere).
In the present paper, we discuss in detail the conden-
sation of the pi-mode as well as the condensation of two
other symmetry-determined nonlinear normal modes,
which are possible in cumulene chains. With the aid
of our approach combined with some group-theoretical
methods [8], we predict the possibility of existence of
1 Unfortunately, we were not aware of the paper [1] when prepared
our own paper [6].
two new types of carbon chains, besides cumulene and
polyyne. They both possess alternation of bond lengths,
but with different alternating schemes compared to that
of the polyyne.
This paper is organized as follows. In Sec. II, we con-
sider the pi-mode atomic vibrations in the strained cu-
mulene in the framework of the DFT model and discuss
the properties of these vibrations near new EQPs. The
simple model of the monoatomic chain whose particle
interact via the Lennard-Jones potential (L-J chain) is
introduced in Sec. III and the appearance of the new
EQPs is explained. In Sec. IV, we discuss the stability of
these equilibrium positions. In Sec. V, the notion of the
symmetry-determined Rosenberg NNMs in monoatomic
chains is considered. In Sec. VI, we discuss the proper-
ties of these modes in the framework of the L-J model
and results of their condensation in the cumulene chains.
Sec. VII contains some conclusion remarks on nonlinear
dynamics of the strained carbon chains.
II. pi-MODE VIBRATIONS WITHIN DFT
MODEL
We investigate longitudinal atomic vibrations of uni-
formly strained carbon chains in the pi-mode dynamical
regime. This strain is modeled by an artificial increase
of the unit cell size (R) with respect to that of the chain
without strain (R0). Thus, speaking about the strain of
the chain by η per cent, we mean that R = R0 (1 + η).
The set of atomic displacements X (t) =
[x1 (t) , x2 (t) . . . xN (t)] of the N -particle carbon chain
for such vibrational regime at a fixed time t = t0 can be
written as follows:
X(t0) = [a(t0),−a(t0) |a (t0) ,−a(t0)| . . .
. . . |a(t0),−a(t0)]. (1)
In this pattern, all xi (t) with odd numbers are equal
to a (t0), while those with even numbers are equal to
−a (t0). Thus, all neighboring atoms vibrate out of phase
with equal amplitudes. The unit cell for describing pi-
mode vibrations of the chain with periodic boundary con-
ditions is twice larger than that of the equilibrium state.
Since two carbon atoms in this unit cell possess, at any
time t, displacements x(t) and −x(t), one can discuss the
time evolution of only one of them choosing the origin at
its equilibrium position. To excite the pi-mode vibrations
in the chain we assume x(0) = a, x˙(0) = 0.
The pi-mode nonlinear oscillations in the strained cu-
mulene we study with the aid of DFT theory [9] using
for this propose the software package ABINIT [10, 11].
The Born-Oppenheimer approximation was used to
separate fast motion of electrons and slow motion of
nuclei. At each time step for fixed positions of nuclei,
self-consistent electron density distribution is calculated
3by solving Kohn-Sham quantum-mechanical equations.
Then forces acting on the nuclei are computed, and their
new configuration is found by using one step of solution
of classical dynamical equations. For this new configu-
ration, the procedure of self-consistency for the electron
subsystem is repeated.
All calculations are performed in the framework of the
local density approximation (LDA). Pseudo-potentials by
Troullier-Martins was used to describe the field of the
carbon atoms inner shells in the process of the Kohn-
Sham equations solving with the aid of the plane waves
basis (energy cutoff is equal to 1360 eV). The convergence
for energy is chosen as 10−8 eV between two steps.
Hereafter, considering ab initio simulations, we speak
about the study of nonlinear oscillations in the framework
of the DFT model emphasizing that our calculations pro-
vide only an approximation to the real physical picture.
An important feature of nonlinear vibrations is the de-
pendence ω(a) of the frequency (ω) on the amplitude
(a). To find this dependence, we carried out a series of
ab initio calculations. For each computational run, with
fixed values of the strain and the amplitude (parameter)
a of the pi-mode, the frequency ω(a) was calculated. In
Fig. 1, we present the function ω(a) for chains with 5 %,
7,5 % and 10 % strain. This figure demonstrates that hard
type of nonlinearity appears at relatively small strains
(increase of amplitude results in increase of frequency).
FIG. 1. Dependence of the frequency (ω) of the pi-mode on
its amplitude (a) for small strains of the carbyne chain.
However, we have revealed unexpected behavior of
the function ω(a) for the strain above the critical value
ηc = 11 %. For example, one can see in Fig. 2 that this
function for η = 15 % turns out to be nonmonotonic and
softening of the pi-mode, at a certain interval of the pa-
rameter (a), takes place.
It is essential that for the pi-mode parameter a be-
longing to the interval [A, B] (Fig 2) the carbon atom
oscillates about a new equilibrium position different from
the old one at x = 0. This effect is illustrated in Fig. 3
FIG. 2. Dependence of the frequency (ω) of the pi-mode on
its amplitude (a) for 15 % strain of the carbyne chain.
for the chain strained by 15 % (detail discussion of these
oscillations is given below in Sec. IV).
FIG. 3. Oscillations of the carbon atom for different pi-mode
amplitudes: (a) oscillations in the small potential well near
the new equilibrium position; (b) oscillations before the es-
cape from the small potential well; (c) oscillations in the large
potential well with respect to the old equilibrium position.
To explain the above behavior of the function ω(a) one
can study the potential energy2 of the pi-mode U(a) as a
function of its parameter a for different strains of the car-
bon chain. For this purpose, we fix the configuration of
2 We excite the pi-mode vibrations by assigning to all carbon atoms
the same displacements (a) and zero velocities at initial time.
Thus, the total energy E(a) of the carbyne chain at this instant
is equal to its potential energy U(a).
4carbon nuclei choosing a concrete value of the parameter
a, and then find the potential energy U(a) of this config-
uration with the aid of the software package ABINIT.
The energy profiles U(a) for different strains of carbon
chains are shown in Fig. 4. From this figure, one can see
that with increase of the strain, the energy profiles U(a)
become flatter near the origin (a = 0) and their curvature
changes sign after passing through zero. As a result, the
old equilibrium position (a = 0) becomes unstable, and
two new minima appear at equal distances on both sides
of the origin. This specific behavior of potential energy of
strained carbon chains helps us to explain the properties
of the amplitude-frequency dependence ω(a) shown in
Fig. 2. Let us consider this question in more detail.
FIG. 4. Profiles of the potential energy of cumulene chains
for different strains (color online).
In Fig. 5, one can see the pi-mode potential energy
profile for the strain η = 15 %, as well as some fitting of
this profile in the framework of the Lennard-Jones model,
which is discussed in the next section. The points A
and B (B′) in this figure correspond to the old and new
equilibrium positions, respectively.
Next, we study the atomic vibrations in the potential
wells depicted in Figs. 5 and 6.
Let us consider the pi-mode energy E0 = u(a0) that
corresponds to the new equilibrium position a = a0, i.e.
to the bottom B of the right potential well in Fig. 5. The
frequency ω(a) of the atomic oscillations near the point
B (for example, between returning points d and d′ in
Fig. 6) decreases with increasing of the energy E from
E0 up to the value Ec which is determined by the top of
the potential hill at a = 0. Thus vibrations in the “small”
potential well demonstrate the soft type of nonlinearity.
There is a certain gap in the function ω(a) for further
increase of E, because the carbon atom begin to oscillate
in the “large” potential well (for example, between points
e and e′ in Fig. 6) around the old equilibrium position at
a = 0. The increasing of the energy E of the pi-mode in
this well leads to increasing of the frequency ω(a). Such
behavior of the frequency corresponds to the hard type
of nonlinearity.
FIG. 5. The pi-mode energy profile for the strain η = 15 %.
The points A and B (B′) correspond to the old and new
equilibrium positions of carbon atom, respectively. The solid
curve shows the ab initio results, while the appropriate fitting
in the framework of the Lennard-Jones model is shown by the
dashed curve.
FIG. 6. The potential energy profile of the carbyne chain un-
der 15 % strain and the pi-mode oscillations of carbon atom
with respect to the new (point B) and old (point A) equilib-
rium positions.
Thus, the phenomenon of the pi-mode softening can be
explained by the atomic vibrations near the new equi-
librium positions in small potential wells of the strained
chain. This phenomenon will be considered in more de-
tail in the framework of the Lennard-Jones model in the
next section.
Comparing the above described behavior of the fre-
quency ω(a) with that depicted in Fig. 2, one has to take
into account that the amplitude of the atomic oscillations
near the old equilibrium positions at a = 0 coincides with
the pi-mode parameter a, while the vibrational amplitude
in the small potential well near new equilibrium positions
is equal to (a− a0). This is the reason why we prefer to
call a by the term “pi-mode parameter” rather than “pi-
mode amplitude”.
The condensation of the pi-mode leads to appearance
of two domains of the structural phase transition of the
displacement type. If all carbon atoms of the chain are
located in the right potential wells, we have one domain,
5while another domain corresponds to the localization of
the atoms in the left wells. In both domains, there is
a bond length alternation (BLA) which can be seen in
Fig. 7, where l1 = l0 − a0 and l2 = l0 + a0 are short and
long interparticle distances (bond length) for a0 > 0 and
vice versa for a0 < 0. From Fig. 7, we find the following
BLA for the pi-mode condensation:
BLApi = [l1, l2|l1, l2|...|l1, l2].
This BLA corresponds to the polyyne structure of the
carbon chain.
FIG. 7. Bond lengths alternation in strained carbyne for the
pattern (1) with a(t0) = a. Here, for a > 0 values l1 and
l2 are short and long bonds, respectively, and vice versa for
a < 0 (color online).
The transformation from cumulenne to polyyne struc-
ture can be observed as a result of the appropriate in-
creasing of the magnitude η of the strain above the crit-
ical value ηc when the old equilibrium positions lose sta-
bility and two new ones appear near each of them. In
Fig. 8, we present the dependence a0(η) of the position
a0 of the new equilibrium state on the strain η. The
bifurcation takes place approximately at ηc = 11 %.
FIG. 8. Dependence of the pi-mode parameter a0 on the strain
η, which corresponds to the minimum of the potential energy
(point B in Fig. 5.).
III. THE LENNARD-JONES MODEL
Now we consider the Lennard-Jones model, which is
associated with the molecular dynamics approach. The
main idea of the molecular dynamics can be formulated
as follows. Molecules (atoms) are replaced by mass points
whose interactions are described with the aid of some
phenomenological potentials. For the obtained dynami-
cal system, equations of classical mechanics are solved.
In the framework of quantum mechanics, such approach
cannot be considered as sufficiently adequate, because it
is difficult or impossible to find potentials which are good
enough to take into account the influence of atomic elec-
tron shells on dynamical properties of the original physi-
cal system. That is why one has to use very complicated
many-particle potentials which possess different forms for
different geometry of the interacting atoms and contain
phenomenological constants defined by huge tables (see,
for example, [12]).
However, in some cases, reasonable results can be ob-
tained even with the aid of simple pair potentials, such
as those by Morse, Lennard-Jones, etc. For example,
one can refer to the paper [13] devoted to study discrete
breathers in 2D and 3D Morse crystals. Below, we try
to explain the above-discussed results, obtained by ab
initio calculations for the pi-mode dynamics in carbyne,
using the model of a chain whose particles interact via
the Lennard-Jones potential (L-J chain).
Let us remind some well-known properties of this po-
tential which can be written in the form
ϕ(r) =
A
r12
− B
r6
. (2)
Here the first term describes repulsion between two par-
ticles that are at distance r from each other, while the
second term describes their attraction. The space depen-
dence of this attraction can be explained in the frame-
work of quantum mechanics as a result of the induced
dipole-dipole (van der Waals) interaction, while the 12-
th degree of the distance r in repulsive term of Eq.(2) is
introduced only for computational convenience. An im-
portant feature of the Lennard-Jones potential is that its
both constants, A and B, can be chosen equal to unity
(A = B = 1) without loss of generality, if we make an
appropriate scaling of space and time variables in dynam-
ical equations constructed with the aid of this potential.
The dependence of the pi-mode energy on the parame-
ter a was shown in Fig. 5, where the solid line corresponds
to the results of ab initio calculations, while the dashed
line is used for the L-J model. We use the simplest fitting
for the energy profile corresponding to the L-J model. It
was obtained by such choice of two Lennard-Jones pa-
rameters, A and B from Eq.(2), that the energy at the
points A and B (see Fig. 5) coincides with the energy
of the profile found by ab initio calculations. Note that
Fig.5 corresponds to the strain η = 15 % and for this case
a0 is equal to 0,075A˚.
In Fig.5, one can see considerable discrepancy between
6the energy profile u(a), which was found by ab initio cal-
culations and its Lennard-Jones fitting in the case of large
values of the pi–mode parameter a. The fitting based on
the Morse potential is slightly better, but the above dis-
crepancy also turns out to be considerable. Certainly,
one can set a goal to find such pair potential that pro-
vides more satisfactory fitting, but this goal is not too
important. The matter is that the function u(a), in the
framework of the ABINIT model, can be found only with
low accuracy for large values of the pi–mode parameter
a. Indeed, such values correspond to large amplitudes of
atomic vibrations and one has to apply a rather accu-
rate expression for the van der Waals interactions. On
the other hand, these interactions are essentially nonlo-
cal and cannot be described correctly in the framework
of the conventional DFT theory, at least with the aid
of the approximations used in such software packages as
ABINIT, VASP, etc.. We discuss this problem in the last
section of the present paper.
We verified that dynamical properties of the pi-mode
obtained by the ab initio study (see Fig. 2) and those
obtained by molecular dynamics for the L-J chain are in
qualitative agreement. The above facts seem to be im-
portant since computer experiments, based on the den-
sity functional theory, require very long time in contrast
to those based on the methods of molecular dynamics.
Therefore, one can use the L-J chain modeling to predict
some dynamical properties of the carbyne, which then
may be verified by ab initio calculations.
It is very interesting to clear up the nature of evolution
of the carbyne properties with increasing of the strain.
Why old equilibrium positions lose their stability and
new stable equilibrium positions appear? This problem
can be understood with the aid of the following simple
L-J model.
Let us consider a system of three carbon atoms located
at a distance R from each other symmetrically about the
origin x = 0 (see Fig. 9). Positions of the atoms 1 and 3
are fixed, while the “inner” atom 2 can be displaced by a
certain value x from its old equilibrium position at origin.
We assume that atoms interact via the Lennard-Jones
potential ϕ(x) from Eq.(2) with A = B = 1 (hereafter,
it will be called the standard L-J potential).
FIG. 9. Simple model of three atoms interacting via the
Lennard-Jones potential. Atoms 1, 3 are fixed, while atom
2 is displaced by x from its old equilibrium position at origin.
If the coordinate x corresponds to the equilibrium state
of the atom #2, then the forces f (r) acting on it from
the left and right neighbors must be equal:
f(R+ x) = f(R− x), (3)
where
f(r) = −dϕ
dr
=
1
r12
− 1
r7
. (4)
Eq.(3) represents a nonlinear equation with respect to x
that may have several real roots. We depict this situa-
tion in Fig. 10 where intersection points of the functions
f(R + x) and f(R − x) at x = 0 and at x = 0,065 take
place. Here R = 1,291 corresponds to the 15 % strain
of the carbyne chain. The root x = 0 is associated with
old equilibrium position that becomes unstable, while the
roots x = 0,065 are associated with the new ones. Thus,
the cause of the appearance of the new equilibrium posi-
tions becomes obvious.
It is also easy to verify that the curvature of the po-
tential energy of the considered system is negative for
R = 1,20 (stable equilibrium), while it becomes positive
for R = 1,25 (unstable equilibrium). Note that one can
reveal the similar behavior of the potential energy for L-J
chains with arbitrary number of atoms.
FIG. 10. Appearance of the new equilibrium positions in the
simple model of three particles interacting via the Lennard-
Jones potential.
It is interesting to study nonlinear atomic vibrations
in the potential well corresponding to the standard L-J
model (this well is similar to that depicted in Fig.6 for
the ABINIT model). In Fig. 11, we show some arbitrary
chosen energy levels in the small right well near the new
equilibrium position, as well as levels above the potential
hill which correspond to vibrations in the large potential
well around the old equilibrium position (a = 0). The
frequencies corresponding to these levels are presented in
Table 1. From this table one can see the soft nonlinear-
ity of vibrations near the new EQPs in the small right
potential well (the frequency decreases with increasing
of the energy) and the hard nonlinearity above potential
hill in the large well (the frequency increases with in-
creasing of the energy). Naturally, there is a certain gap
in the frequency spectrum near the top of the potential
hill. According to Table 1, this gap takes place between
energy levels E5 and E6.
7FIG. 11. Some energy levels in the potential well for the
Lennard-Jones model, which correspond to the values shown
in Table I.
TABLE I. Dependence of the frequency ωj on the energy level
Ej for the Lennard-Jones model.
j Ej ωj
1 -0, 3430 2, 7070
2 -0, 3430 2, 5711
3 -0, 3410 2, 4011
4 -0, 3400 2, 1610
5 -0, 3390 1, 5942
6 -0, 3385 0, 9243
7 -0, 3374 1, 1551
8 -0, 3363 1, 2867
9 -0, 3352 1, 3872
10 -0, 3341 1, 4710
IV. STABILITY OF THE pi-MODE VIBRATIONS
NEAR THE NEW EQUILIBRIUM POSITIONS
In previous sections, we have solved the problem of
existence of the new equilibrium positions for strained
carbon chains in the framework of the DFT ab initio ap-
proach, as well as for the Lennard-Jones model. Now
let us consider the problem of their stability. This prob-
lem can be formulated as follows. We must verify if a
given new equilibrium position corresponds to a min-
imum of the potential energy U(X), which is a func-
tion of N -dimensional vector X = [x1, x2, ..., xN ] of all
degrees of freedom of our chain. Note, that the mini-
mum in Fig.5 corresponds to the one-dimensional func-
tion u(a), where a is the pi-mode amplitude, and the vec-
tor X(t) = [a,−a|a,−a|...|a,−a] determines the position
of this minimum in the N -dimensional space.
For example, below we study stability of the new equi-
librium positions for the carbon chain of N = 8 atoms.
Let us again consider the point B at the bottom of the
right potential well in Fig. 5. If B represents a min-
imum of the potential energy U(X) in the full eight-
dimensional space of all possible displacements, then in-
finitesimal shift from this point in any direction leads
to increase of the function U(X). It is well known
that the local extremum of the function U(X) in many-
dimensional space can be of different type (minimum,
maximum or a saddle point). The most effective way to
analyze the type of a given extremum point X0 (it de-
termines the equilibrium position) can be carried out for
the L-J model by the following procedure.
Let us expand the function U(X) near the point X0
into many-dimensional Taylor series and restrict it by
quadratic terms only (this procedure corresponds to an-
alyzing the harmonic approximation in the framework of
the dynamical approach). The obtained quadratic form
is then transformed by a certain linear transformation of
variables to the canonical form, which represents a super-
position only of squares of new variables with some coef-
ficients λj(j = 1..N). These coefficients can be found by
diagonalization of the matrix of the original quadratic
form as its eigenvalues. The extremum X0 will be a
minimum only if λj ≥ 0 for all j = 1..N . If a cer-
tain eigenvalue turns out to be negative (λj0 < 0), then
any infinitesimal shift by γ from the point X0 along the
line X = X0 + γξj0, where ξj0 is the eigenvector corre-
sponding to λj0, leads to decrease of the function U(X)
and, therefore, X0 is a saddle point (or maximum, if all
λj ≤ 0).
With the aid of the above procedure, we have obtained
for the standart L-J model the following results for the
eight-particle chain under uniform strain η = 15 % : λ1 =
0, λ2 = +88,4, λ3 = λ4 = +100,6, λ5 = +110,6, λ6 =
λ7 = −12,2, λ8 = −22,2 (these values were rounded up
to 1 figures after decimal point). The obtained result is
disappointing since the new EQP turns out to be a saddle
point (three λj < 0) and, therefore, this equilibrium state
is unstable.
Now we can analyze the energy profiles U(X) along
eight lines X = X0 + γξj0 (j = 1..8) in the eight-
dimensional space. Here γ is a sufficiently small number
because we want to compare the corresponding results
with those obtained for energy function considered as a
quadratic form. The energy profiles U(X) = uj(γ) for all
basis directions ξj are depicted in Fig. 12. We exclude
the vector ξ2 from our consideration because it deter-
mines the direction along the pi-mode and, therefore, it
has no relation to the stability of this mode.
FIG. 12. Energy profiles for the L-J chain with N = 8 parti-
cles for all basis directions ξj (j = 1..8) except ξ2.
The graphs from this figure fully confirm the previously
discussed results on stability properties of the new equi-
8librium position X0. Indeed, we see decrease of energy
for λj < 0 (λ6 = λ7, λ8), increase of energy for λj > 0
(λ3 = λ4, λ5) and constant energy for λ1 = 0. Thus, the
new EQP in carbyne with 15 % strain, which corresponds
to the vectorX0 = [a0,−a0|a0,−a0|a0,−a0|a0,−a0] with
a0 = 0,075, occurs to be unstable in the framework of the
Lennard-Jones model. It can be proved that this conclu-
sion is true for arbitrary number N of particles in the L-J
chain.
The above described method can be easily applied to
the study of stability properties of new equilibrium po-
sitions in strained carbyne in the framework of the ab
initio DFT approach. In Fig. 13, we present potential
energy profiles calculated by ABINIT software package
[10, 11] for 15 % strained cumulene chain of N = 8 atoms
for the above discussed basis directions.
FIG. 13. Energy profiles for the carbyne chain of N = 8
particles for basis directions ξj , which are obtained in the
framework of the ab initio DFT model.
The obtained results turn out to be unexpected,
because the energy profiles in Fig. 13, unlike those
in Fig. 12, demonstrate minima for all basis direc-
tions.Thus, the new equilibrium position, at point B in
Fig. 5, being unstable in the L-J model, occurs to be
stable in the framework of the DFT model. Why such
discrepancy does take place? We discuss this issue in the
last section of the present paper.
Let us now consider the problem of stability of atomic
vibrations near the new equilibrium positions in strained
carbon chains. In Fig. 14, we represent for η = 15 %
strain the time-evolution of the carbon atom oscillations
in the right potential well (see Fig. 5) approximately at
the middle of its depth. The dashed line corresponds
to the DFT model, while the dotted line demonstrates
oscillations for the L-J model.
To analyze the stability of these oscillations we add to
the initial pi-mode profile
X(0) = [a(0),−a(0)|a(0),−a(0)|a(0),−a(0)a(0),−a(0)],
a(0)= 0, 075 (5)
a small perturbation in the form γξ8 with γ = 10
−3,
where ξ8 is the basis vector, which corresponds to the
FIG. 14. Time-evolution of the pi-mode initial profile (5) in
DFT and L-J models for the eight-particle carbyne chain un-
der 15 % strain.
negative eigenvalue with maximal absolute value (λ8 =
22,2). It is obvious from Fig. 14 that solution of the New-
ton ordinary differential equations, corresponding to the
L-J model, demonstrates hard instability (dashed line)
already at ten oscillation periods (t ≈ 10T ). In contrast
to this result, we have found that the DFT solution for
the same initial conditions (dotted line) demonstrates a
fine stability, at least up to the time interval t ≈ 100T .
The small modulation of the periodic oscillations in the
DFT model is induced by the above mentioned perturba-
tion γξ8 (γ = 10
−3) artificially added to exactly periodic
initial pi-mode profile (5).
Thus, we can conclude that the pi-mode atomic vibra-
tions in the L-J model are unstable, while they demon-
strate stability in the DFT model (at least, by visual
inspection). Remember, that the analogical discrepancy
between static properties of the L-J model and the DFT
model was discussed in the previous section.
Because of importance of this conclusion, we verify by
the rigorous Floquet method that periodic atomic vibra-
tions in the L-J chain are indeed unstable. The similar
stability analysis for DFT model is yet not carried out
because of some computational difficulties.
V. ROSENBERG NONLINEAR NORMAL
MODES
Nonlinear normal mode by Rosenberg (NNM) repre-
sents a periodic vibrational regime for which all degrees
of freedom xi(t), at any time t, are proportional to each
other [14, 15]. This definition can be written in the form
xi(t) = aif(t) (i = 1..N), (6)
where ai are constant coefficients, while f(t) is the same
time-dependent function for all degrees of freedom. If the
explicit form of dynamical equations is known, the sub-
stitution of the ansatz (6) into these equations leads to a
system of (N−1) nonlinear algebraic (or transcendental)
equations for coefficients ai and a single differential equa-
tion for the function f(t). Note that the conventional
linear normal modes represent a special case of Rosen-
berg modes. In this case, f(t) = cos(ωt + ϕ0) where ω
and ϕ0 are frequency and initial phase, while coefficients
9{ai|i = 1..N} from Eq.(6) are amplitudes of the different
degrees of freedom.
In contrast to the case of linear normal modes, the
number of Rosenberg modes has no relation to the di-
mension of the system. It is essential that Rosenberg
NNMs can exist only in very specific dynamical systems,
in particular, in those, whose potential energy is a homo-
geneous function of all its arguments. On the other hand,
it was shown in [8, 16] that there can be some symmetry-
related reasons for existence of NNMs in systems with
arbitrary interparticle interactions. These dynamical ob-
jects we call Rosenberg symmetry-determined nonlin-
ear normal modes (below the specification “symmetry-
determined” is omitted because we consider only such
type of modes).
Let us consider N -particle monoatomic chain with pe-
riodic boundary conditions and arbitrary interparticle in-
teractions. The group theoretical method for obtaining
all nonlinear normal modes in such chain can be outlined
as follows (see details in [8]).
All dynamical regimes in the physical system with
discrete symmetry group G0 in its equilibrium state
can be classified by subgroups Gj of this group (Gj ⊂
G0). One can obtain the general form of the dynam-
ical regime corresponding to the subgroup Gj by solv-
ing the equation GˆjX = X, where the vector X(t) =
[x1(t), x2(t), ..., xN (t)] describes displacements of all de-
grees of freedom xi(t) at arbitrary fixed time t. In other
words, X(t) must be an invariant vector of the opera-
tor group Gˆj acting in the N -dimensional space which is
induced by the group Gj .
FIG. 15. Displacement pattern of the pi-mode for the chain
with N = 8 particles (color online).
This chain in the equilibrium state can be represented
as a ring (see, for example, Fig. 15) with the point group
DN . In [8], we proved that only following three Rosen-
berg NNMs can exist in such chains depending on the
number N of their particles:
pi −mode: X(t) = [a(t),−a(t) | a(t),−a(t) | ...
... | a(t),−a(t) | ] for even N (Nmod 2 = 0),
σ −mode: X(t) = [a(t), 0,−a(t) | a(t), 0,−a(t) | ...
... | a(t), 0,−a(t) | ] for N mod 3 = 0,
τ −mode: X(t) = [a(t), 0,−a(t), 0 | a(t), 0,−a(t), 0 | ...
... | a(t), 0,−a(t), 0 | ] for N mod 4 = 0. (7)
These modes correspond to the subgroups G2 = DN/2,
G3 = DN/3 and G4 = DN/4 of the point group G0 = DN ,
respectively. The unit cells of the vibrational regimes (7)
are larger 2, 3 and 4 times, respectively, than that of
the equilibrium state (l0). In other words, the transla-
tional symmetry of the original chain decreases by two,
three or four times if we pass from the chain equilibrium
state to its vibrational states corresponding to the pi-, σ-
or τ -modes. Obviously, in the case of small amplitudes
the above considered Rosenberg modes tend to the linear
normal modes with wave vectors (wave numbers) k = b/2
(pi-mode), k = b/3 (σ-mode), k = b/4 (τ -mode), where b
is the period of the reciprocal lattice of the chain.
In dynamical simulations, above Rosenberg modes can
be excited by the following initial conditions:
pi −mode: X(0) = [a,−a | a,−a | ... | a,−a],
σ −mode: X(0) = [a, 0,−a | a, 0,−a | ...|a, 0,−a],
τ −mode: X(0) = [a, 0,−a, 0 | a, 0,−a, 0 | ...
... | a, 0,−a, 0],
where a is an arbitrary value that determines the mode
amplitudes, while the initial velocities of all particles of
the chain are equal to zero X˙(0) = [0, 0, 0, ..., 0]. Note
that pi-, σ- and τ -modes represent periodic dynamical
regimes determined by only one parameter a.
The above presented displacement patterns (7) of pi-,
σ- and τ -modes can be derived by demanding invari-
ance of the general pattern X(t) according to the groups
DN/2, DN/3 and DN/4 which are subgroups Gj of the
group G0 = DN for the appropriate N . If we demand
such invariance according to the group of less symmetry
than the above listed subgroups DN/2, DN/3 and DN/4
10
(for example, for DN/5, DN/6, etc.) the displacement
pattern found from the condition GˆjX = X will depend
not only on one parameter a, but on two or more (m > 1)
arbitrary parameters. As a result, we obtain in such a
way (see details in [8]) dynamical object that determines
quasiperiodic motion with m different basis frequencies of
the Fourier spectrum. Such patterns can be expressed as
a superposition of m different NNMs and they represent
bushes of nonlinear normal modes [16, 17] with dimen-
sion m > 1. This is a reason why only three symmetry-
determined Rosenberg NNMs can exist in monoatomic
chains with arbitrary interatomic interactions.
Let us note that all types of symmetry-determined pe-
riodic and quasiperiodic vibrations in physical systems
with discrete symmetries can be obtained with the aid of
specific group-theoretical methods developed in the the-
ory of bushes of nonlinear normal modes [16, 17]. The
application of this theory to various mechanical systems
can be found in [18–24].
Hereafter, we write pi-, σ- and τ -modes in the brief
form
pi −mode: X = [a, −a],
σ −mode: X = [a, 0, −a],
τ −mode: X = [a, 0, −a, 0],
pointing atomic displacements only in one unit cell of the
vibrational state.
FIG. 16. Energy profiles of pi-, σ- and τ -modes for 15%
strained carbon chain with N = 12 particles in the frame-
work of the Lennard-Jones model.
VI. PROPERTIES OF NONLINEAR NORMAL
MODES IN THE FRAMEWORK OF THE
LENNARD-JONES MODEL
It was shown in Sec.3 for the case of the pi-mode that
the L-J model allows one to describe dynamical and static
properties of strained carbyne quite well. Let us consider
applicability of this model for studying two other Rosen-
berg modes in the carbon chain with N atoms. Below,
we present detailed analysis for the case N = 12 because
in such chain all three Rosenberg modes, pi, σ and τ , can
be exited by the appropriate initial conditions used in
the computer simulations (periodic boundary conditions
are assumed).
In Fig. 16, we depict potential energy profiles for pi-, σ-
and τ -modes in the L-J chain strained by 15%. They are
calculated for the “standard” Lennard-Jones potential,
i.e. for the case where both phenomenological constants
of the potential (4) are equal to unity (A = B = 1). All
our results are given in the corresponding dimensionless
units.
It is obvious from Fig. 16 that new equilibrium po-
sitions near the old one appear for all three Rosenberg
modes. The points Bpi, Bσ, Bτ correspond to a > 0,
while B′pi, B
′
σ, B
′
τ correspond to a < 0. The profile of the
σ-mode is asymmetrical according to the origin a = 0,
while profiles of pi- and τ -modes are symmetrical and
their minima are equal to each other. As a consequence,
the equal height of potential barriers corresponds to pi-
and τ -modes (∆upi = ∆uτ = 0.005). The height of the
potential barrier of the σ-mode for the right well is equal
to 0,015 that approximately thrice larger than that for
pi- and τ -modes. The new equilibrium position (a0τ ) for
τ -mode are twice more distant from the origin (a = 0)
than that (a0pi) for the pi-mode (see points Bτ and Bpi in
Fig. 16).
We can explain the above properties of the potential
profiles of the considered Rosenberg modes in the follow-
ing manner.
FIG. 17. Bond lengths alternation for the pi-mode structure
in the Lennard-Jones chain with N = 12 particles. Here l1 =
l0 − 2a, l2 = l0 + 2a.
Let us consider Figs.17-19. We depict there L-J chains
as rings of N = 12 particles for a fixed parameter a (am-
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FIG. 18. Bond lengths alternation for the σ-mode structure
in the Lennard-Jones chain with N = 12 particles. Here l1 =
l0 − a, l2 = l0 + 2a.
FIG. 19. Bond lengths alternation for the τ -mode structure
in the Lennard-Jones chain with N = 12 particles. Here l1 =
l0 − a, l2 = l0 + a.
plitude) of pi-, σ- and τ -modes, respectively. The atomic
displacements are shown by arrows. In each of these
figures, one can see two types of interatomic distances
(bond lengths), l1 and l2. For the pi-mode, l1 = l0 − 2a
and l2 = l0 + 2a, where l0 is the interatomic distance of
equilibrium state of the strained chain. For a > 0, l1 rep-
resents the short bond, while l2 represents long one, and
vice versa for a < 0. Thus the difference ∆l = |l1−l2| be-
tween the interatomic distances turns out to be ∆l = 4|a|.
According to Fig. 17 the following sequence of the bond
lengths (BLs) takes place for the pi-mode:
BLApi = [l1l2 | l1l2 | l1l2 | l1l2 | l1l2 | l1l2]. (8)
Let us consider a pair potential ϕ(r), which describes
interactions between neighboring particles placed at dis-
tance r from each other. There are six bond lengths (BLs)
of l1 type and six BLs of l2 type in Eq. (8). Therefore,
the whole potential energy U(a) of the considered chain
of N = 12 particles is equal to
Upi(a) = 6ϕ(l1) + 6ϕ(l2), (9)
where l1 = l0 − 2a, l2 = l0 + 2a. The position of the
energy minima is determined by the equation
dUpi(a)/da = 0 (10)
from which we find
ϕ′(l0 + 2a) = ϕ′(l0 − 2a). (11)
If x0 > 0 represents the root of the equation
3
ϕ′(l0 + x) = ϕ′(l0 − x), (12)
then the new equilibrium position, corresponding to the
bottom of the right potential well (point Bpi in Fig. 16)
for the L-J chain with 15% strain, is equal to a0 = 0,075
and, therefore, ∆l = 4a0 = 0,30.
Using the same method for the τ -mode (Fig. 19) in the
L-J chain, we obtain
l1 = l0 − a, l2 = l0 + a, ∆l = 2a. (13)
BLAτ = [l1l1l2l2|l1l1l2l2|l1l1l2l2], (14)
Uτ (a) = 6ϕ(l1) + 6ϕ(l2), dUτ (a)/da = 0, (15)
ϕ′(l0 + a) = ϕ′(l0 − a). (16)
Therefore, a0τ = x0 where x0 is the root of Eq. 12.
Comparing this result with that for the pi-mode, a0pi =
3 In Sec. III, we have solved this equation for the Lennard-Jones
potential by simple graphic method.
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x0/2, we conclude that a0τ = 2a0pi, i.e. potential min-
imum for τ -mode for every pair interparticle potential
ϕ(x) (not only for the Lennard-Jones potential!) is twice
more distant from the origin at a = 0.
Let us now consider Fig. 18 corresponding to the σ-
mode. We find from this figure for a > 0.
l1 = l0 − a, l2 = l0 + 2a, ∆l = 3a, (17)
BLAσ = [l1l1l2|l1l1l2|l1l1l2|l1l1l2], (18)
Uσ(a) = 8ϕ(l1) + 4ϕ(l2). (19)
Thus, equation dUσ(a)/da = 0 for finding equilibrium
position a0σ looks as follows
ϕ′(l0 + 2a) = ϕ′(l0 − a). (20)
Note that this equation differs essentially from the
Eqs. (11) and (16) for pi- and τ -modes. Indeed, both
equations (11) and (16) are invariant under changing the
sign of the parameter a. In contrast to that, Eq. (20)
changes its form under the above transformation (a) →
(−a) as follows:
ϕ′(l0 − 2a) = ϕ′(l0 + a). (21)
Let us note that Eqs. (16) and (20) possess different
roots. As a consequence, we obtain for the L-J model
under 15% strain (see Fig. 16) Bσ = 0,150, while B
′σ =
−0,075.
The matter is that transformation (a)→ (−a) changes
the number of short and long interatomic distances (bond
lengths), because l1 = l0 − a is a short distance and
l2 = l0+2a is a long distance for a > 0, with the opposite
situation for a < 0. For N = 12 particles chain, there
are 8 short bonds and 4 long bonds for the case a > 0,
while 4 short and 8 long bonds correspond to the case
a < 0. This is the cause of the asymmetrical form of
the potential profile of the σ-mode. (For the case of pi-
and τ -modes the transformation (a)→ (−a) remains the
number of short and long bonds unchanged, they simply
are transformed into each other l1 ↔ l2).
Thus, condensation of pi-, σ- and τ -modes results in
different schemes of bond lengths alternation:
BLApi = [l1l2|l1l2|l1l2|l1l2|l1l2|l1l2], (22)
BLAσ = [l1l1l2|l1l1l2|l1l1l2|l1l1l2], (23)
BLAτ = [l1l1l2l2|l1l1l2l2|l1l1l2l2]. (24)
It seems to be plausible that there can exist two new
forms of carbyne besides cumulene and polyyne. Indeed,
all bonds are equal in cumulene [l1l1l1...l1], while there
are two different bonds in polyyne and in carbynes ap-
pearing as a result of condensation of σ- or τ -modes, but
they possess different alternation schemes as given by
Eqs. (22) - (24).
The present experimental technique cannot allow one
to find certainly the alternation of bond lengths in car-
bon chains. However, let us note that in [2] the rough
attempt of finding bond lengths in strained carbon chain
was realized by transmission electron microscope (TEM).
One can hope that progress in the experimental technique
will soon allow determining bond lengths alternation for
strained carbyne with reasonable accuracy.
In conclusion, it is interesting to note that BLA de-
picted in Fig.1 of the paper [3], which was found by DFT
simulations, is more close to the condensation of Rosen-
berg modes different from the pi-mode, which corresponds
to polyyne form of carbyne.
Now we consider the critical value ηc of the strain for
which old equilibrium positions of the carbon atoms in
the chain with arbitrary pair potential ϕ(r) lose their
stability and new such positions appear. The potential
energy u(a) of the chain in the small vicinity of the pa-
rameter a = 0 has to possess minimum for η < ηc and
maximum for η > ηc.
Let us write, the first terms of the Taylor series of the
function u(a) near the point a = 0 for the pi-mode [see
Eq.(9)]:
upi(a) = 6ϕ(l0 − 2a) + 6ϕ(l0 − 2a) = 12ϕ(l0)+
+ 24a2ϕ′′(l0) + ... (25)
Obviously, maximum of the function upi(a) takes place
if ϕ′′(l0) < 0 and minimum if ϕ′′(l0) > 0. Therefore, the
critical value of the strain ηc can be determined from the
equation ϕ′′(l0) = 0, where l0 = l0(η) is the interatomic
distance of the chain in the equilibrium state under the
strain η.
Thus, ηc corresponds to the point at which curvature
of the function ϕ(r) changes sign. For the case of the
Lennard-Jones potential ϕ(r) = r−12− r−6, we find that
ϕ′′(r) = 0 for r = 6
√
26
7 ≈ 1,244, while equilibrium inter-
atomic distance for the L-J chain without strain is equal
to r0 =
6
√
2 ≈ 1,122. Therefore, ηc = (r− r0)/r0 100% ≈
10,87%.
Similarly to the above calculations, we obtain the fol-
lowing decompositions for the σ-mode and τ -mode:
uσ(a) = 12ϕ(l0) + 12a
2ϕ′′(l0) + ...,
uτ (a) = 12ϕ(l0) + 6a
2ϕ′′(l0) + ...
Therefore, we find identical conditions for obtaining
the critical value ηc for all three Rosenberg modes:
ϕ′′(l0) = 0.
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In other words, the stability bifurcation of the L-J
chain with increasing of the strain η takes place simulta-
neously for these modes, i.e. for the same l0 correspond-
ing to the point of zero curvature (inflection point) of the
pair potential ϕ(r). This point for the Lennard-Jones po-
tential is shown in Fig. 20.
FIG. 20. The inflection point of the standard Lennard-Jones
potential.
VII. CONCLUSION
In this paper, we study properties of longitudinal non-
linear vibrations in strained carbon chains by ab initio
methods, based on the density functional theory, as well
as by the methods of molecular dynamics in the frame-
work of the simple Lennard-Jones model, and also for
arbitrary pair potential of the interparticle interactions.
In the brief paper [6], we have been reported that under
sufficiently large uniform strain (η > 11%) radical trans-
formation of carbyne cumulene structure takes place as
the result of condensation of the pi-mode, which becomes
a soft mode in a certain range of its amplitude. Indeed,
in this case, the old equilibrium positions, around which
carbon atoms vibrate in the case of small strain, lose their
stability and two new such positions arise near each of
them. This transformation corresponds to the Peierls
phase transition in one-dimensional crystal and is asso-
ciated with doubling of the unit cell. As a result, the
carbyne chain transforms from the cumulene to polyyne
form. This phase transition in strained carbyne chains
was previously discovered in the work [1], which was also
carried out by ab initio DFT simulations, but from an-
other position compared to those of [6]. Indeed, we have
studied nonlinear vibrations in carbyne chains, while the
authors of [1] explored their static structure.
As was already emphasized in Introduction, the above
phase transition is a phenomenon of great physical im-
portance because it leads to a qualitative change in the
electron spectrum of cumulene. Indeed, as a result of ap-
pearance of the energy gap in this spectrum, conductive
cumulene transforms into polyyne which is semiconduc-
tor or insulator. In turn, it is expected that such change
in electrical properties under mechanical strain can be
used in some nanodevices.
In [1], a quantum-mechanical model of one particle
moving in the double-well potential was introduced to ex-
plain the properties of the Peierls phase transition found
in the framework of the DFT approach. Unlike this in [6],
for the same purpose, a more simple classical model was
introduced, which represents the chain of mass-points
whose interactions are described by the Lennard-Jones
potential (L-J chain). Using this model, we were able to
explain not only the static properties, such as appearance
of the new equilibrium positions, etc., but also the prop-
erties of nonlinear vibrations near these new equilibrium
positions. Moreover, the approach developed in [6] allows
us to consider the condensation of two other symmetry-
determined Rosenberg nonlinear normal modes (besides
the pi-mode), which correspond to multiplication of vi-
brational unit cell three- or four times compared to that
of cumulene equilibrium state. In turn, such approach
leads to prediction of possibility for existence of two new
forms of carbyne with the bond length alternations dif-
ferent from that of polyyne.
In dynamical regimes, described by Rosenberg modes,
all particles of the system vibrate with the same fre-
quency, but unlike the conventional linear normal modes,
these vibrations are nonlinear. In [8], we proved with the
aid of group-theoretical methods that in the monoatomic
chains with arbitrary interactions only three Rosenberg
modes, pi, σ and τ , can exist. The unit cell of the vi-
brational states corresponding to pi-, σ- and τ -modes are
two, three and four times larger than that of the chain
equilibrium state.
The condensation of these modes induces the carbon
structures with two different bond lengths and alterna-
tion schemes of these bonds are different for the struc-
tures induced by pi-, σ- and τ -modes [see Eqs. (22)-(24)].
The condensation of the pi-mode generates the polyyne
structure of the carbon chain, while condensation of σ-
and τ -modes may be associated with two new forms of
carbon chains.
We use two different models to simulate dynamical
and static properties of the above Rosenberg modes in
strained carbon chains, the DFT model and the Lennard-
Jones model. The former model is certainly more ad-
equate because it takes into account the presence of
electron shells near each carbon nucleus and provides
quantum-mechanical approach for the electron subsys-
tem. However, density functional theory cannot ensure
exact consideration of the physical reality because of a
number of approximations used in practical application
of this theory. In this sense, the crucial role plays the
choice of exchange-correlation functionals. It is known
that such functional conventionally used in the software
packages for DFT simulations (ABINIT, VASP etc.) can-
not ensure acceptable approximation for calculation of
van der Waals interactions 4 (see discussion of this prob-
4 Note that the appropriate corrections to the exchange-correlation
functionals are essentially nonlocal. As a consequence the LDA
approximation and even GGA approximation cannot provide any
satisfactory calculation of vdW interactions.
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lem in [25–28]. On the other hand, the van der Waals
(vdW) interactions turn out to be very essential for large
strain of carbyne since the distances of its atoms are con-
siderably greater than those in the chain without strain.
In the Lennard-Jones model, vdW interactions are
taken into account by the last term of the potential (2),
which is proportional to r−6. Note that the main prob-
lem of the choice of vdW amendments to the exchange-
correlation functionals is how to obtain their correct
asymptotic (r−6) [25–28].
We could not get an acceptable approximation in the
framework of the DFT approach to simulate correctly
the condensation of σ- and τ -modes (obviously, the vdW
interactions turn out to be more essential for these modes
than for the pi-mode5). As a consequence, our prediction
of the possibility of existence of two new forms of carbon
chains is based only on studying of the Lennard-Jones
model.
Now let us return to consideration of stability proper-
ties of the new EQPs and of the periodic oscillations in
their vicinity, which are discussed in Secs. III and IV of
this paper. We present there computational experiments
demonstrating that our Lennard-Jones model, which is
rather accurate for prediction of new static and dynam-
ical properties of the strained carbon chains, turns out
to be unsatisfactory for analyzing stability of the new
atomic equilibrium positions and stability of oscillations
around them. Now we can indicate the following causes
of such phenomenon.
As was already emphasized, the DFT model, unlike the
L-J model, is more adequate in physical sense because it
takes into account electron shells of each carbon atom,
which adapt to any change in the nuclear configuration,
while the L-J model deals with bare mass points. In other
words, many degrees of freedom correspond to each site
in the DFT model, while only one variable is associated
with every site in the Lennard-Jones model. There is
also a mathematical cause of the above discrepancy be-
tween DFT and L-J models. Indeed, in the case of the
L-J model we study the stability of a solution of ordinary
differential equations (classical Newton equations), while
in the case of the DFT model one has to analyze the sta-
bility of the solution to a system of cumbersome integro-
differential equations (Kohn-Sham quantum-mechanical
equations).
Thus, the L-J model describes sufficiently well the ex-
istence of new equilibrium positions in strained carbyne,
but it turns out to be unsatisfactory for analysis of their
stability. We feel that such discrepancy between the re-
sults obtained by methods of molecular dynamics and
those by DFT simulations may be typical for very differ-
ent physical problems.
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